Linear complementary-dual (LCD for short) codes are linear codes that intersect with their duals trivially. LCD codes have been used in certain communication systems. It is recently found that LCD codes can be applied in cryptography. This application of LCD codes renewed the interest in the construction of LCD codes having a large minimum distance. Maximum distance separable (MDS) codes are optimal in the sense that the minimum distance cannot be improved for given length and code size. Constructing LCD MDS codes is thus of significance in theory and practice. Recently, Jin constructed several classes of LCD MDS codes through generalized Reed-Solomon codes. In this paper, a different approach is proposed to obtain new LCD MDS codes from generalized Reed-Solomon codes. Consequently, new code constructions are provided and certain previously known results by Jin are extended.
I. INTRODUCTION
A LINEAR complementary-dual (LCD for short) code is a linear code C satisfying C C ⊥ = {0}. This class of codes was introduced by Massey [17] , and then studied by many authors (e.g., see [5] - [9] , [12] - [14] , [18] and [20] ). Recently, Bringer et al. [2] and Carlet and Guilley [3] introduced and analyzed a masking scheme, called orthogonal direct sum masking (ODSM), to protect against side-channel attacks (SCAs) and fault injection attacks (FIAs). The complementary-dual property plays a decisive role in the working performance of ODSM, because it enables us to use orthogonal projection to recover information from the whole space. In the practical application of an LCD code C to against FIA, for instance, a detection strategy using a check matrix of C (say H ) has been given to check whether or not the mask has been altered: one needs to compute the product of matrices H T (H H T ) −1 ; it was shown that LCD codes with relatively large minimum distance are desirable. Maximum distance separable (MDS) codes are optimal in the sense that no code of length n with M codewords has a larger minimum distance than an MDS code with length n and size M. The construction of LCD MDS codes is thus becoming a hot research issue in coding theory. Very recently, Jin [10] constructed several classes of LCD MDS codes by using two classes of disjoint generalized Reed-Solomon (GRS) codes. Some other constructions of LCD MDS codes were also developed, e.g., see [19] and [21] . We summarize the previously known results in Table I . The purpose of this paper is to explore further the work [10] to find new LCD MDS codes from GRS codes or extended GRS codes. We propose a different approach to obtain LCD MDS codes; specifically, some results of [10] are improved and generalized. Since the existence question about LCD MDS codes over a finite field of even characteristic has been completely addressed in [10] (see the last row of Table I ), in the current paper we merely focus on the construction of LCD MDS codes over a finite field with odd characteristic. Note that the dual of an LCD code is an LCD code again. As a consequence, we always restrict ourself to k-dimensional codes of length n with 1 < k ≤ n/2 , where a denotes the integer part of a real number a. The main results of this paper are summarized as follows.
Theorem 1: Let q > 3 be an odd prime power. Let n > 1 and k be positive integers with 1 < k ≤ n/2 . Then there exists a q-ary [n, k] LCD MDS code whenever one of the following conditions holds.
(1) (see Theorem 5) n = q + 1.
(2) (see Theorem 6) n > 1 is a divisor of q − 1.
(3) (see Theorem 7) q = p e and n = p , where p is prime and 1 ≤ ≤ e. (4) (see Theorem 8) n < q and n + k ≥ q + 1. (5) (see Theorem 9) n < q and 2n − k < q ≤ 2n.
At this point we make the following remarks.
• The crucial idea of [10] lies in: first, introducing two classes of disjoint GRS codes ( [10, Lemma 4]) and then showing that such codes are dual to each other. This approach requires that certain elements must be quadratic in the finite field, which limits its application ( [10, Th. 9]). In contrast to [10] , Lemma 2 (in Section III) is the key ingredient in this paper, where we characterize elements in the intersection of the code G RS k (a, v) and its dual G RS k (a, v) ⊥ directly. Our approach indicates that the requirement in ( [10, Th. 9]) is not essential, and permits us to construct LCD GRS codes more explicitly, i.e., we only need to find appropriate a and v such that Remark 4) . • After completion of our paper, we found that Carlet et al. [4] have completely solved the problem of the existence of LCD MDS codes. 
II. PRELIMINARIES
In this section, we review some basic notations and results about generalized Reed-Solomon codes and extended generalized Reed-Solomon codes. For the details, the reader is referred to [15] or [16] . Let F q be the finite field of order q, let n be a positive integer with 1 < n ≤ q, and let a = (α 1 , α 2 , · · · , α n ), where α 1 , α 2 , · · · , α n are distinct elements of F q . Fix n nonzero elements v 1 , v 2 , · · · , v n of F q (v i are not necessarily distinct). For 1 ≤ k ≤ n, the k-dimensional generalized Reed-Solomon code (GRS code for short) of length n associated with a = (α 1 , α 2 , · · · , α n ) and
It is well known that the code G RS k (a, v) is a q-ary [n, k, n − k + 1]-MDS code and the dual of a GRS code is again a GRS code; indeed,
for some v = (v 1 , v 2 , · · · , v n ) with v i = 0 for all 1 ≤ i ≤ n (e.g., see [15] or [16] ). The vector v can be chosen as any vector that generates the dual of G RS n−1 (a, v). Let 1 denote the all-one row vector with appropriate
GRS codes are probably the best known family of MDS codes. Obviously, GRS codes exist for any length n ≤ q and any dimension k ≤ n. GRS codes of length n can be extended to codes of length n +1 while preserving the MDS property by appending to G an extra column of the form (0, 0, · · · , 0, β) T with β being a nonzero element of F q . In this paper, we only consider extended GRS codes of length q + 1; one principal reason for this restriction is that its dual code can be given easily the values of u i s can be determined trivially, see (II.6) . Label the elements of
It is true that G RS k (a, v, ∞) is a q-ary MDS code with parameters [q + 1, k, q − k + 2] (e.g., see [15] or [16] ). The code G RS k (a, v, ∞) has a generator matrix
The dual of G RS k a, 1, ∞ can be determined explicitly; in fact, it is not hard to verify that the dual of G RS k a, 1, ∞ is
III. CONSTRUCTIONS OF LCD MDS CODES
The purpose of this section is to find LCD codes among the family of GRS codes or among the family of extended GRS codes. Consequently the resulting codes are simultaneously LCD and MDS. As mentioned in the first section, the existence question about LCD MDS codes over a finite field of even characteristic has been completely addressed in [10] . We therefore only consider GRS codes over a finite field with odd characteristic.
Our main results are based on the next two lemmas, which turn out to be useful in the construction of LCD GRS codes.
where c T denotes the transpose of c. Recall that the dual of
The arguments used in Lemma 2 can be modified to obtain an analogous result for extended GRS codes.
where g q−k is the coefficient of X q−k of the polynomial g(X).
Proof: As working in the proof of Lemma 2, one knows that the codeword
⊥ . Now the desired result follows from (II.6).
Remark 4: Lemma 2 (resp. Lemma 3) is simple, but it plays an important role in the construction of LCD GRS codes (resp. LCD extended GRS codes). By virtue of Lemma 2, a necessary and sufficient condition for G RS k (a, v) to be LCD is that for any given polynomial
The problem of finding LCD GRS codes thus reduces to an equivalent question about finding appropriate a and v such that f (X) is in fact zero.
We first construct LCD MDS codes of length q + 1 by using Lemma 3. Recall that we always restrict ourself to k-dimensional codes of length n with 1 < k ≤ n/2 .
Theorem 5: Let q > 3 be an odd prime power. Then there exists a k-dimensional LCD extended GRS code of length q +1 over F q .
Proof: Label the elements of F q = {α 1 , α 2 , · · · , α q }. Let a = (α 1 , α 2 , · · · , α q ) and let γ be a primitive (q − 1)th root of unity in F q , i.e., q − 1 is the smallest positive integer such that γ q−1 = 1. Since q > 3, we have γ 2 = 1.
We now consider two cases separately.
Consider the extended GRS code G RS k (a, v, ∞) of length q + 1 over F q associated with a and v, i.e.,
We now aim to show that G RS k (a, v, ∞) is an LCD code,
Our task is to show c = 0, or equivalently f (X) = 0. 
where the last equality holds because f (X) = g(X). It follows from
is a polynomial with deg f (X) ≤ k −2 and has k −1 distinct roots α q−k+2 , · · · , α q . We thus conclude c = 0, as desired.
Consider the extended GRS code G RS k (a, v , ∞) of length q + 1 over F q associated with a and v , i.e.,
where g q−k is the coefficient of X q−k of the polynomial g(X). By Equation (III.4) , one has f k−1 = g q−k which implies that deg f (X) − g(X) ≤ k − 2. Similar arguments as in Case 1 give f (X) = 0. We are done. Next we turn to construct LCD MDS codes from GRS codes of length 1 < n ≤ q. We obtain the following theorem.
Theorem 6: Let q > 3 be an odd prime power. If n > 1 is a divisor of q − 1, then there exists a k-dimensional LCD GRS code of length n over F q .
Proof: Since n > 1 is a divisor of q − 1, there exists a primitive nth root of unity ω in F q . Take a = (ω 0 , ω 1 , · · · , ω n−1 ) and let v = (v 1 , · · · , v n−k+1 , v n−k+2 , · · · , v n ), where v i = 1 for 1 ≤ i ≤ n −k +1 and v i / ∈ {−1, 0, 1} for n −k +2 ≤ i ≤ n. Consider the GRS code C of length n over F q associated with a and v as follows
We claim that C C ⊥ = {0}. To see this, let
be an arbitrary element of C C ⊥ . Consequently,
where G 2 is the k × n matrix
At this point, it is easy to see that ⎛
This implies that there is a polynomial g(X)
(III.5)
The first n −k +1 coordinates of (III.5) give f
In particular, deg g(X) ≤ k − 2. By the last k − 1 coordinates of (III.5), we have that for any n − k + 2 ≤ j ≤ n,
. It follows from v 2 j = 1 that g(ω j −1 ) = 0. In other words, g(X) has k − 1 distinct roots, giving g(X) = 0. Thus, f (X) = 0. The proof is complete.
The following theorem particularly indicates that k-dimensional LCD MDS codes of length q over F q exist for any 1 < k < q.
Theorem 7: Let q = p e > 3, where p is an odd prime number and e ≥ 1 is an integer. Then there exists a k-dimensional LCD GRS code of length n = p over F q , where is a positive integer with 1 ≤ ≤ e.
Proof: Let H be an additive subgroup of F p e of order n = p , say H = {α 1 , · · · , α n }. Let h be the product of all nonzero elements of H , namely
Take γ ∈ F * q with γ 2 = 1. Let a = (α 1 , α 2 , · · · , α n ) and let v = v 1 , · · · , v n−k , v n−k+1 , · · · , v n ,
where v i = 1 for 1 ≤ i ≤ n − k and v i = γ for n − k + 1 ≤ i ≤ n. Consider the GRS code G RS k (a, v) of length n over F q associated with a and v, i.e.,
As in the proofs of the previous theorems, we can show
However, for any 1 ≤ i ≤ n we have
Therefore,
The desired result can be obtained by applying arguments similar to those used in the proof of Theorem 6. We are done.
The following result implies that if the code length n is close to the alphabet size q, then LCD GRS codes of length n over F q exist.
Theorem 8: Let q > 3 be an odd prime power and let n be a positive integer with 1 < n < q. If 1 < k ≤ n/2 and n + k ≥ q + 1, then there exists a k-dimensional LCD GRS code of length n over F q .
Proof: Let a = (α 1 , α 2 , · · · , α n ), where α 1 , α 2 , · · · , α n are distinct elements of F q . Label the elements of F q = {α 1 , α 2 , · · · , α n , α n+1 , · · · , α q }. Recall that the dual of G RS k (a, 1) is G RS n−k (a, u) , where u = (u 1 , u 2 , · · · , u n ) (a, v) of length n over F q associated with a and v, i.e.,
We are left to show that G RS k (a, v) G RS k (a, v) ⊥ = {0}.
To this end, let
be an arbitrary element of G RS k (a, v) G RS k (a, v) ⊥ . It follows from Lemma 2 that there is a polynomial g(X)
As a consequence, the first q − k coordinates of (III.6) give
where the last equality holds because
This suggests that the polynomial f (X)
These imply the degree of f (X)
In particular, deg f (X) = q − n + deg g(X) ≤ k − 1, giving deg g(X) ≤ n+k−q−1. However, the last n+k−q coordinates of (III.6) imply that for any
We have g(α i ) = 0 since v i is chosen such that −v 2 i q j =n+1 (α i − α j ) = u i . Therefore g(X) has n + k − q distinct roots, which forces g(X) = 0. We finally conclude that f (X) = 0, as desired.
The next result says that if 1 < k ≤ n/2 and 2n − k < q ≤ 2n, then there exists a k-dimensional LCD GRS code of length n over F q .
Theorem 9: Let q > 3 be an odd prime power and let n be a positive integer with 1 < n < q. If 1 < k ≤ n/2 and 2n − k < q ≤ 2n, then there exists a k-dimensional LCD GRS code of length n over F q .
Proof: Let a = (α 1 , α 2 , · · · , α n ), where α 1 , α 2 , · · · , α n are distinct elements of F q . Label the elements of F q = {α 1 , α 2 , · · · , α n , α n+1 , · · · , α q }. The assumption 2n − k < q is equivalent to saying that q −n > n−k.
for 1 ≤ i ≤ n. Consider the GRS code G RS k (a, v) of length n over F q associated with a and v, i.e.,
We claim that G RS k (a, v) G RS k (a, v) ⊥ = {0}. To this end, let
On the other hand,
These lead to
where the last inequality holds because q ≤ 2n by our assumption. Hence the degree of
is at most n − 1. We thus conclude from (III.7) that
Obviously n−k j =1 (X − α n+ j ) is a divisor of g(X). This forces g(X) = 0, as deg g(X) ≤ n − k − 1. We are done.
We finally summarize and compare the main ideas used in the proofs of Theorems 5-9.
Remark 10: By virtue of Remark 4, the eventual goal of choosing a and v is to ensure that the n equations v 2 i f (α i ) = u i g(α i ), 1 ≤ i ≤ n, could yield f (X) = 0. For this purpose, we split these n equations into two parts: the first part is used to establish certain relationship between f (X) and g(X), and the second part is to force f (X) = 0 (we use the fact repeatedly: if the number of distinct roots of a polynomial over a finite field is strictly greater than its degree, then the polynomial must be zero). This is the common idea behind the proofs of Theorems 5-9. In practice, various choices of a and v give different conditions and relations of f (X) and g(X). For instance, we have f (X) = g(X) in Theorem 5, f (X) = Xg(X) in Theorem 6, and n−k j =1 (X −α n+ j ) f (X) = − q j =n+(n−k+1) (X − α j ) g(X) in Theorem 9.
IV. CONCLUSION AND FUTURE WORK In this paper, we propose a new approach to construct LCD MDS codes through GRS codes or extended GRS codes; Theorem 1 collects the main results of this paper. Previously known works about the construction of LCD MDS codes are exhibited in Table I. Comparing with [10] , our methods are more direct and effective. The first part of Theorem 1 improves [10, Th. IV.4] by removing the even k constraint (see the fifth row of Table I) , and thus the existence question about LCD MDS codes of length n = q + 1 is completely addressed. The second part of Theorem 1 contains [21, Th. 6.1] (see the third row of Table I ). The last two parts of Theorem 1 imply that [n, k] LCD MDS codes exist if n and k are close to q. The conclusions of our results are different from those in [10, Th. IV.3] and [10, Th. IV.6], where it requires that the value of q is much bigger than the value of n (see the forth and the sixth rows of Table I ).
After completion of our paper, we found that the existence problem of LCD MDS codes has been completely addressed by Carlet et al. [4] . The methods of [4] can give at least one LCD MDS code of the given parameters. A possible direction for further work is to classify LCD MDS codes over finite fields. Apart from the problem mentioned above, there could be many other interesting problems associated with MDS codes. For instance, it would be interesting to consider the construction of self-dual MDS codes (e.g., see [11] ).
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